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Abstract 
 
The steady state laminar mixed convection and radiation through inclined rectangular duct with an interior circular 
tube is investigated numerically for a thermally and hydrodynamicaly  fully developed  flow. The two heat transfer 
mechanisms of convection and radiation are treated independently and simultaneously. The governing equations which 
used are continuity, momentum and energy equations. These equations are normalized and solved using the Vorticity-
Stream  function  and  the  Body  Fitted  Coordinates  (B.F.C)  methods.  The  finite  difference  approach  with  the  Line 
Successive Over-Relaxation (LSOR) method is used to obtain all the computational results. The (B.F.C) method is used 
to generate the grid of the problem. A computer program (Fortran 90) is built to calculate the steady state Nusselt 
number (Nu) for Aspect Ratio AR (0.55-1) and Geometry Ratio GR (0.1-0.9). The fluid Prandtl number is 0.7, Rayleigh 
number Ra = 400, Reynolds number Re = 100, Optical Thickness (0 ≤ t ≤ 10), Conduction- Radiation parameter (0 ≤ N 
≤ 100) and Inclination angle λ = 45. For the range of parameters considered, results show that radiation enhance heat 
transfer. It is also indicated in the results that heat transfer from the surface of the circle exceeds that of the rectangular 
duct. Generally, Nu is increased with increasing GR, t and N but it decreased with AR increase. When the radiation 
effect added to the heat transfer mechanism, the heat transfer rate increased. This effect increased with increasing in GR 
and decreasing with AR. The increasing in radiation properties lead to increase the radiation effect. Tecplot 7 program 
was used to plot the curves which cleared these relations and isotherms and streamlines which illustrate the behavior of 
air through the channel and its variation with other parameters. A correlation equation is concluded to describe the 
radiation effect. Comparison of the results with the previous work shows a good agreement. 
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1. Introduction: 
   
  Various  heat  transfer  mechanisms  and 
geometries have been studied by some engineers 
and scientists purposely to augment heat transfer 
in heat exchangers and some  other heat transfer 
equipments.  A  numerical  study  of  natural 
convection  in  horizontal  elliptic  cylinder  was 
studied  by  (Bello-Ochende,  1985)  and  (Siegel, 
1985)  also  analyzed  the  effect  of  buoyancy  on 
heat  transfer  in  a  rotating  tube.  A  perturbation 
analysis  of  combined  free  and  forced  laminar 
convection in a tilted elliptic cylinder was carried 
out  by  (Bello-Ochende  and  Adegun,  1993). 
Thermal radiation and laminar forced convection 
in  the  entrance  region  of  a  pipe  with  axial 
conduction  and  radiation  were  considered  by 
(Yang and Ebadian, 1991) and (Dong et al, 1993) 
employed the geometry combination of a square 
duct with a centered circular core for the design of 
an oven for heat treatment of ceramic and metallic 
products.  They  studied  a  situation  where  the 
central  core  is  solid.  Combined  natural 
convection- conduction and radiation heat transfer 
in  discretely  open  cavity  was  studied  by 
(Dehgham  et  al,  1996)  and  (Bello-Ochende  and 
Adegun,  2002)  also  worked  on  combined 
convective and radiative heat transfer in a tilted, 
rotating,  uniformly  heated  square  duct  with  a 
centered  circular  cylinder.  The  work  under 
investigation is to augment  heat transfer in  heat 
exchangers  using  geometric  combination  of  a 
rectangular duct and a circular core. The working 
fluid  flows  between  the  inner  surface  of  the 
rectangular duct and outer surface of the circular 
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2.  Mathematical Model: 
 
The schematic drawing of the geometry and 
the  Cartesian  coordinate  system  employed  in 
solving the problem is shown in Fig.(1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1.  Schematic of The Problem Geometry. 
 
 
The fluid flows between the circular tube and 
the  rectangular  duct  (Annulus).  This  annulus  is 
symmetrical about Y-axis (∂/∂x = 0). The width 
and  height  of  the  channel  are  L  and  H 
respectively. The diameter and radius of tube are 
D and R respectively and the hydraulic diameter 
is d: 
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The  flow  is  upward,  steady  state, 
hydrodynamically  and  thermally  fully  developed 
laminar  flow.  Symmetrical  three -dimensional 
flow (symmetry about y-axis). The working fluid 
is assumed absorbing and emitting. Heat transfer 
mechanism  is  convection  (free -forced)  and 
radiation.  Viscous  dissipation  affect  in  energy 
equation  is  negligible.  Boussineq  approximation 
is  used  which  means  that  the  fluid  de nsity  is 
assumed constant  except  when  it  directly causes 
buoyant forces (in momentum equation). All other 
fluid properties are assumed constant (Newtonian 
fluid). The axial (z-direction) shown in Fig.(1) is 
the  predominant  direction  for  the  fluid  flow.  A 
viscous  dissipation  effect  is  neglected.  Axial 
conduction  and  radiation  are  assumed  negligible 
following  (Yang  and  Ebadian,  1991)  for  a 
condition that (Re Pr t / H) >10. 
Governing Equations: 
 
The governing equations are: 
 
Continuity Equation: 
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Momentum Transport Equation: 
 
The momentum transport equations in the x, y 
and z directions are respectively: 
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Energy Transport Equation: 
 
In the absence of energy sources and viscous 
energy dissipation, the energy equation for steady 
flow, with radiation incorporated is: 
 
  ) 6 ...(
4 4
2
2
2
2
     
 


 
















T T
c
K
x
y
x
y
z
T
w
y
T
v
x
T
u
w
p
R

 

 
 
The boundary conditions for these equations are: 
         
w T T   
0    W V U  
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Vorticity-Stream Function Method: 
 
This method is used to eliminate the pressure 
terms in the two momentum equations in x and y 
directions by cross differentiation to the equations 
(3) and (4): 
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By  subtracting  equation  (7)  from  (8)  and 
substitute  vorticity  definition,  the  following 
equation can be obtained: 
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Normalization Parameters: 
 
The variables in the governing equations and 
boundary  conditions  are  transformed  to 
dimensionless  formula  by  employing  the 
following transformation parameters: 
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By using the relation above the equations (5, 
6 and 9) became: 
 
 
 
Vorticity Definition Equation: 
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Momentum Equations: 
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Energy Equation: 
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The  boundary  conditions  applicable  to  these 
equations are (Fig. 2): 
 
(1) At the inlet of the duct (Z = 0): 
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Fig. 2. The Inlet and Boundary Conditions. 
 
 
3.  Numerical Solution: 
Numerical Grid Generation: 
 
The  elliptic  transformation  technique  which 
was  originally  proposed  by  (Fletcher,  1988)  is 
applied to generate the curvilinear grid for dealing 
with  the  irregular  cross  sections.  The 
transformation  functions    Y X,      and 
  Y X,      are  obtained  to  accommodate  the 
irregular  shape  by  solving  the  following  partial 
differential equations: 
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where  G  and  S  are  two  functions  which  are 
defined to artificially adjust the density of the grid 
locally.  Using  the  curvilinear  grid  obtained,  the 
governing  eq.  (10-13)  and  the  boundary 
conditions are then discretized and solved in the 
computation domain   , . 
In  this  work,  an  (81  X  61)  grid  in  the 
transformed  domain         is  adopted.  Fig.(3) 
shows typical grid generated for the channel cross 
section.  The  grid  systems  have  been  properly 
adjusted  to  be  ortho gonal  locally  at  the 
boundaries. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. The Generated Grid. 
 
 
By using this method, the following general 
equation can be used to generate all the governing 
equations  (10-13)  in  computational  coordinates 
formula: 
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Where    represent  the  general  variable  which 
may be ω, W or θ and su is the source term. 
 
 
4.  Finite Difference Formulation:   
       
The three-point central difference formula is 
applied  to  all  the  derivatives.  Each  of  the 
governing equations can be rewritten in a general 
form as: 
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where: 
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In the equations above i and j indicate to the 
points  of the  grid in the  generalized coordinates 
 and   respectively. 
As  pointed  out  in  (Anderson,  1984)  the 
Relaxation  method  can  be  employed  for  the 
numerical solution of the eq. (10). For this study, 
the LSOR method [Fletcher, 1988 and Anderson, 
1984] is used to solve equations (11, 12 and 13). 
The  convergence criterion for the  inner iteration 
(Errorin) of   is 10
-4 and for the outer iteration 
(Errorout) of  b   is 10
-10, where: 
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where RP is the Relaxation Parameter and equal 
to 1.1 and  it  represent the number of iterations. 
The  outer  iteration  is  checked  only  for      as 
follow: 
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5.  Evaluation of Heat Transfer: 
 
The peripheral heat transfer is defined through 
the conduction referenced Nusselt number as: 
 
 
Local Nusselt number: 
 
The  peripheral  local  Nusselt  number  on  the 
walls  of  the  channel  is  computed  from  [Bello-
Ochende & Adegun]: 
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where n represent the normal outward unit vector. 
The mean Nusselt number on the wall of the 
rectangular duct and circular tube is obtained by 
using Simpson's rule: 
 
) 21 ...(
1
,      S L r c ds Nu
s
Nu   
 
where  s  represents  the  length  of  the  wetted 
perimeter  in  the  rectangular  duct  and  circular 
tube. 
The mean Nusselt number (Nu) is a measure 
of  the  average  heat  transfer  over  the  internal 
surface  of  the  rectangular  duct  and  the  outer 
surface  of  the  circular  configuration.  It  is 
computed  from  the  following  equation  [Bello-
Ochende & Adegun]: 
 
) 22 ...(      r r C C Nu C Nu C Nu
 
where,  CC  NuC  is  a  measure  of  average  heat 
transfer from the outer surface of the circular core 
while Cr Nur corresponds to heat transfer from of 
the internal surface of the rectangular duct. Cc and 
Cr are the perimetric ratios for the  heat transfer 
and are defined as: 
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6. Results and Discussion: 
 
Results are presented for the following ranges 
of parameters: 
 
0.1 ≤ GR ≤ 0.9 
0.55 ≤ AR ≤ 1 
0 ≤ N ≤ 100 
0 ≤ t ≤ 10 
Re = 100, Ra = 400, Pr = 0.7 
 
 
6.1 Comparison of Results: 
 
The  comparison  was  made  for  the  value  of 
NuL at the walls of the channel (rectangular duct 
and  circular  tube)  with  the  previous  results 
obtained  by  Bello-Ochende  &  Adegun.  These 
comparisons  are  shown  in  Figs.  (4a)  and  (4b). 
From  these  figures,  a  difference  (approximately 
10%) is found between these results. 
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Fig.4a. Comparison Results (without radiation). 
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Fig.4b. Continued (with Radiation). 
The number of nodes in ξ and η directions has 
very small effect on the value of Nusselt number 
on the walls of the channel as shown in Figs (5a) 
and (5b). 
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Fig.5a. The Variation Of Nulr On The Rectangular 
Duct Walls With The Number of Nodes (along ξ). 
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Fig.5b. Continued (along η). 
 
 
6.2 Effect of GR: 
 
The heat transfer process through the channel 
suffers from many changes due to the layer of the 
still air in the corners as shown in Figs (6-8). This 
layer cause to increase the thermal resistance and 
that lead to decrease the rate of heat transfer. The 
heat transfer rate through the wall of the circular 
tube is uniform and greater than that on the walls 
of the rectangular duct. The direction of the heat 
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channel is shown by the isotherm lines. When GR 
is larger than 0.2, two cells will be generated and 
the  center  of  these  cells  had  a  minimum 
temperature. As shown in Figs (6-8), the volume 
of these cells decreased with increasing GR value 
and that because of the decreasing of the confined 
area  between  the  walls  and  the  temperature  of 
these cells increased. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.6. Streamlines and Isotherms for GR = 0.4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.7. Streamlines and Isotherms for GR = 0.6. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.8. Streamlines and Isotherms for GR = 0.8. 
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Streamlines  are  shown  in  Figs.  (6-8).  With 
increasing  the  value  of  GR,  two  cells  will  be 
generated inside this big cell. The maximum value 
of stream function  is at the  center of these two 
cells. When GR  increased  greater than 0.2, two 
additional cells will be generated and their centers 
have the minimum value of the stream function. 
These  cells  are  generated  because  of  the 
difference between the velocity of particles in the 
hot  and  cold  regions,  in  addition  to  the  impact 
between the rising and lowering air streams. The 
volume  of  these  cells  will  be  decreased  with 
increasing  in  GR  value  until  small  four  cells 
generated. 
Fig.  (9)  illustrates  the  variation  of  mean 
Nusselt number Nu through the channel with GR 
value. It is shown that when GR increased then 
Nu  increased,  this  is  due  to  the  effect  of 
increasing in the surface area of the circular wall. 
This  increasing  of  the  surface  area  leads  to 
increase  the  rate  of  heat  transfer.  The  radiation 
effect is very small for the small values of GR. 
This effect increased with increasing in GR value 
because  of  increasing  the  heat  gain  by  air  with 
decreasing in the air quantity. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. The Variation of Nu With GR 
 
 
The  bulk  temperature  of  air  increased  with 
increasing in GR value as shown in Fig. (10) and 
that  because  of  increasing  in  the  surface  area 
which  participating  in  the  heat  transfer  process 
and that result to increase the rate of heat transfer. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  Fig.10. The Variation of the Bulk Temperature with GR. 
 
 
6.3 Effect of AR: 
 
Figs.  (11-13)  show  the  streamlines  and 
isotherms  of  the  fluid  flow  and  heat  transfer 
process. When AR is equal to 1, four cells will be 
generated. With variation in AR, the behavior of 
the  streamlines  will  be  changed.  When  AR 
decreased the two cells near the circular tube is 
beginning  to  vanish.  When  AR  decreased  less 
than  0.6,  two  cells  will  be  occupied  most  the 
confined area between the walls of the rectangular 
duct and the circular tube. The intensity of these 
cells  will  be  increased  with  decreasing  in  AR. 
While,  the  value  of  the  stream  function  of  the 
center of these cells will be decreased because of 
decreasing the confined area between the walls. 
For  the  isotherms,  it  shows  that  when  AR 
decreased the two cells tends to be near top and 
bottom  the  channel  walls  since  the  outer  and 
internal boundary of this channel is closer of low 
values.  
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Fig.11. Streamlines and Isotherms for AR = 0.6. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.12. Streamlines and Isotherms for AR = 0.8. 
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Fig.13. Streamlines and Isotherms for AR = 1. 
 
 
Fig. (14) illustrates the variation in the mean 
value of Nu with AR. This figure shows that when 
AR is increased Nu will decrease because of the 
increasing in AR lead to increase the cross section 
area, and that led to increase the intensity of the 
air vorticity and the effect of the buoyancy force 
which then decrease the rate of heat transfer. The 
effect of radiation is noted for AR < 0.8, but with 
increasing in AR, the effect of radiation will be 
neglected. 
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Fig.14. The Variation of Nu With AR 
 
 
6.4 Radiation Effect: 
 
The correlation equation for the plotted curves 
is  presented  to  know  the  radiation  effect  on  the 
rate  of  heat  transfer.  This  equation  is  made  by 
using the curve fitting method with using Data Fit 
program. The form of this equation is: 
 
3
2 1
a a a Nu     
 
where  a1,  a2  and  a3  are  coefficients  and  are 
tabulated in table (1). 
For  the  bulk  temperature,  the  effect  of 
radiation will be written as follow: 
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Table 1   
The Radiation Effect 
  
With Radiation  Without Radiation 
a1  a2  a3  a1  a2  a3 
GR  7.577  44.648  3.1  6.5677  39.176  2.887 
AR  12.117  0.58597  - 4.55  13.0733  0.03231  - 9.0938 
 
 
6.5 Effect of Radiation Properties: 
 
Fig.  (15)  illustrates  the  effect  of  optical 
thickness t and conduction-radiation parameter N. 
It is shown that when t and N are increased Nu 
will be increased, but the increasing in t will be 
greater  than  N,  this  is  because  the  optical 
thickness is powered to 2 into the radiation term 
as shown in eq.(10). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.15. The Effect of Radiation Properties. 
 
 
7.  Conclusions: 
 
It  can  be  concluded  from  the  present  work 
that: 
(1) The rate of heat transfer is increased by 87% 
with increasing GR from 0.1 to  0.9 and the 
heat transfer process is become conduction at 
GR = 0.9. 
(2) Nu increases by 45%  with decreasing in  AR 
from 0.55 to 1. 
(3) The isotherms show two cells formed for GR 
>  0.2  and  the  streamlines  show  two  cells 
formed  for  GR  <  0.4  but  four  cells  will  be 
generated when GR ≥ 0.4 until 0.8. 
(4) The  radiation  effect  on  the  heat  transfer 
coefficient  is  known  by  making  a  correlation 
equations and this effect show that Nu will be 
increased. 
(5) Increasing the radiation  properties (t, N),  the 
radiation effect will be also increased. 
 
 
8.  Nomenclature: 
 
A  Cross-sectional area (m
2) . 
AR  Aspect Ratio (L/D). 
Cp  Specific heat at constant pressure 
(J/kg.K). 
D  Major diameter (m). 
d  Hydraulic diameter (4A/ P
*). 
g  Acceleration due to gravity (m/s
2). 
GR  Geometric ratio (D/L). 
h  Heat transfer coefficient (W/m
2.
oC). 
H  Height of the rectangular cross 
section (m). 
J  Jacobean of direct transformation. 
k  Thermal conductivity of the 
working fluid (W/m.
oC). 
KR  Volumetric absorption coefficient 
(1/m). 
L  Length of the rectangular cross 
section (m). 
n  Outward normal on the wall. 
N  Radiation-Conduction parameter. 
Nu  Mean Nusselt number. 
NuC  Mean Nusselt number for the 
circular surface. 
Nur  Mean Nusselt number for the 
rectangular duct. 
NuLC  Local Nusselt number. 
p  The small pressure variation 
governing the flow distribution in Manal H. Al-Hafidh                                                  Al-Khwarizmi Engineering Journal, Vol.4, No.4, PP 45-56 (2008) 
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the cross stream plane (N/m
2). 
P  Average pressure over the duct 
cross section. 
P
*  Wetted perimeter (m). 
Pr  Prandtl number,   . 
R  Radius (m). 
Ra  Rayleigh number. 
Re  Reynolds number . 
t  Optical thickness. 
T  Dimensional fluid temperature (K). 
Ti  Dimensional inlet fluid temperature 
(K). 
Tw  Wall temperature (K). 
u, v, w  Dimensional velocity in x, y and z-
directions (m/s). 
U, V, W  Normalized velocity in X, Y and Z-
directions. 
x, y, z  Dimensional Cartesian coordinates                                                                         
(m). 
X, Y, Z  Dimensionless Cartesian 
coordinates. 
 
 
9.  Greek Symbols: 
 
α  Coefficient of thermal expansion 
(m
2/s). 
β  Thermal diffusivity (m
2/s). 
ʵ  Emissivity. 
ξ, η  Dimensionless Computational 
coordinates. 
θ  Normalized fluid temperature. 
θi  Normalized inlet fluid temperature. 
θb  Normalized bulk temperature. 
λ  Inclination to the horizontal (°). 
υ  Kinematic viscosity of the fluid (m
2/s). 
ρ  Fluid density (kg/m
3). 
˃  Stefan Boltzmann constant (Wm
2 / k
4). 
ψ  Dimensionless Stream function. 
ω  Dimensionless Vorticity. 
 
 
10.  Supscripts: 
 
b  Bulk 
c  Circle 
i  Inlet 
L  Local 
r  Rectangle 
w  Wall 
R  Radiation 
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يلخاد بىبنأ عم تلئام تليطتسم ةانق للاخ عاعشلأاو طلتخملا لمحلاب ةرارحلا لاقتنأ  
 
ظفاحلا يداه لانم   دىهيص عطاك ذئار              
تُنُّانَُىا تسذْهىا ٌسق /    داذغب تؼٍاج  
 
 
 
تصلاخلا  
 ًاَُقر جسرد غقىَىا زُغخٍ ٍيخاد ٌزئاد بىبّأ غٍ تيئاٍ تيُطخسٍ ةاْق هلاخ زقخسٍ ُاَزجى طيخخَىا عاؼشلاا وَذىاب ةرازذىا هاقخّأ 
رىطخىا ًاح ُاَزجى  . ذداو ُآ ٍفو وصفٍْ ونشب عاؼشلإاو وَذىاب تَرازذىا تقاطىا هاقخّإ تُنُّانَُب وٍاؼخىا ٌح  .  ٍه جٍذخخسأ ٍخىا ثلاداؼَىا
( ا لإ تقاطىا تىداؼٍو ٌخشىا ،تَرازَخس )  . ا تىاد تغُص ًىا ٌث ثاذدو ُوذب ثلاداؼٍ ًىا ثلاداؼَىا ٓذه وَىذح ٌح لإ باُسّ - تغُص ًىا ٌث تٍُاوذىا  
ا لإ ثاُثاذد   ٌسجيى تقباطَىا  .  ةدذذَىا قوزفىا تقَزط جٍذخخسأ لإ ا تقباطٍ ًاظّ ًاذخخساب ثاباسذىا غَُج ءازج لإ ًاظْىا تنبش ءاْبى ثاُثاذد  .  ٌح
 ُازحرىف جٍاّزب ءاْب ٩٠  ُِب حوازخح ونش تبسْىو ةزقخسٍ تىاذى جيسّ ٌقرو كانخدلاا وٍاؼٍ باسذى   0.1-0.9) )    تُػاب تبسْىو (0.55-1)  
وخّازب ٌقر ُاَزج صاىخىو    ( (Pr = 0.7  ٍيَار ٌقر ، Ra = 400 ذىىَْر ٌقر ،   Re = 100  ٌزصبىا لَسىا ، (0 ≤ t ≤ 10)   وٍاؼٍ ، 
وُصىخىا  - عاؼشلإا (0 ≤ N ≤ 100)   وَُىا تَواسو   λ = 45  ُأو عاؼشلإا زُثأخب تَرازذىا تقاطىا هاقخّأ ةداَس جُْب جئاخْىا تقباسىا ثاَذَيى 
وُطخسَىا يزجَىا خطس ٍِ اهىاقخّأ ٍِ زثمأ تّاىطسلأا خطس ٍِ تَرازذىا تقاطىا هاقخّإ  .  ةداَس غٍ دادشَ فىس جيسّ ٌقر ُأف ،تٍاػ ةرىصب
 ٍِ ًلام GR  ،  t و  N      داَدسأ غٍ وقَ اَُْب AR  . دادشَ فىس ةرازذىا هاقخّا هذؼٍ ُأف ةرازذىا هاقخّا تُيَػ ًىا عاؼشلاا زُثأح تفاضا ذْػ  .  اذه
 تَُق داَدسا غٍ دادشَ زُثأخىا GR  ُاصقّ غٍ و  AR  .  هاقخّا هذؼٍ ةداَس ٍىاخىاب و عاؼشلاا زُثأح ةداَس ًىا ٌدؤح عاؼشلاا صاىخ ةداَس ُأ
ةرازذىا  .  ثىيبنح جٍاّزب ًذخخسأ ٧  هاقخّا تُيَػ هلاخ ءاىهىا كىيس تفزؼَى ةرازذىا ثاجرد غَسىح و باُسّلاا تىاذى تَرىخْم ثاططخٍ ٌسزى 
ةذَخؼَىا ثلاٍاؼَىا زُُغح غٍ كىيسىا اذه زُغح و ةرازذىا  . ةرازيذىا هاقخّا تُيَػ ًيػ عاؼشلاا زُثاح فصح تقلاػ ًىا وصىخىا ٌح  .
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 